Vibration control of a maneuvering flexible robotic arm is a challenging task in the presence of changing structural dynamics which has to deal with measurement inaccuracies and complex modeling efforts. This paper presents an effective and versatile controller for a maneuvering flexible arm. Proposed Variable Stiffness Control (VSC) is stable, due to its being dissipative in nature. The technique is suitable to be implemented as an add-on controller to existing robots, and it requires no additional hardware. Control is based on the detection of a kinematic event, peak relative displacement, rather than an accurate knowledge of structural dynamics. Hence, although there may not be a claim for the suggested control to be the most effective, it certainly represents significant practical advantages for cases where there may be structural uncertainties.
INTRODUCTION
For increased productivity, it is important to use lightweight manipulators with high payload-to-weight ratios. Lightweight, and therefore flexible, robots can maneuver at higher speeds, consume less energy and have safer interaction with their environments. However, the flexibility of these lightweight manipulators inevitably induces undesirable vibrations at the end effector. On the other hand, demanding tasks such as plasma-welding, lasercutting, or high-speed operations in the presence of obstacles, require advanced trajectory-tracking control capabilities. Thus, vibration control of flexible manipulators represents a major importance in lightweight robotic applications.
The flexibility of lightweight robots can be inherent at their joints (electro-mechanical drives, in series with other units such as harmonic drives, couplings and belt drives) and in their slender linkages. Oscillations at these components can be triggered either by external disturbances or by the motion of the robot itself. If not controlled effectively, these oscillations not only lead to end point positioning and tracking inaccuracies but also cause long idle waiting periods between tasks, to perform the intended operation safely and accurately.Vibration control of a moving arm is a more challenging task than that of a stationary arm. The challenge is the result of the sensitivity of the control techniques to the changes in structural parameters, and modelling and measurement inaccuracies.
The techniques to control flexible manipulators can be grouped in two main categories: passive control techniques and active control techniques. A passive controller designates the mass, stiffness and energy dissipation properties of the structure to minimize dynamic response. The primary advantage of passive controllers is their simplicity. However, the effectiveness of a passive controller may deteriorate drastically for varying design conditions [1] [2] [3] [4] . Active control may be more feasible for flexible manipulators, where the control action is implemented by sensing the structural response and producing the required corrective forces using actuators. As a result, stability of the control technique becomes critically important, since energy is added for control purposes. While inverse dynamics techniques can overcome the stability issues, they assume the existence of an exact structural model. Parametric uncertainties, unmodelled structural dynamics and neglected time delays in actuators can all affect the accuracy of the required model.
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Most reported research in literature concentrate on the one-link flexible robots and stationary arms [5] [6] [7] [8] [9] [10] . The reason for such limitation is the need for demanding computational and hardware requirements for multi-link arms in manuever. Therefore, there is room to have a control technique which is relatively insensitive of the structural dynamics, stable and simple to implement. In this paper, such a control is reported.
A two-link flexible manipulator is considered here. The structural dynamics has been derived using standard finite element method [11] . The flexibility of the manipulator is assumed to be coming from the slender structural components (beams) and joints. The proposed vibration controller accounts for the excessive oscillations by employing the Variable Stiffness Control (VSC) technique in co-operation with a resident motion controller. The VSC is stable and its performance is relatively independent of system parameters. It is also suitable to be implemented as an add-on controller. It does not require any additional hardware.
CONTROL AND NUMERICAL IMPLEMENTATION
In this section, a brief description of the numerical model and the simulation procedure is given, as they form the base for developing the control scheme for prototype implementation. A more detailed discussion is available in Reference 13.
A single degree of-freedom undamped oscillator is used to illustrate the control. In Figure 1(a) , the oscillator has two parallel springs, one passive (K-∆K) and one active (∆K). The system has a total stiffness of "K" when the clamp of the active spring is on, and "K-∆K" when the clamp is off. M represents the mass of the oscillator while coordinate x indicates its absolute displacement. The Variable Stiffness Control (VSC) is based on changing the effective stiffness between the two states, at instances when it is most beneficial for control.
The active spring is kept clamped until the instant of peak displacement, X o , following a transient disturbance. At this instant, the active spring is unclamped and re-clamped instantaneously without giving a chance of any displacement of mass M. Through this instantaneous unclamping-clamping action, the active spring releases all the potential energy it had gained. Along with this dissipated energy, the active spring is now in an undeformed state when the clamp is re-applied while the mass M is still displaced by X o from its original equilibrium position. Thus, the control action produces a second effect with its shifted equilibrium of the active spring. The shifted equilibrium position imposes a constant restoring force of amplitude "∆K⋅X o " to oppose the velocity of oscillations, similar to a case of Coulomb friction. It can be analytically shown that the system oscillations for transient oscillations can be eliminated with two actuations if the stiffness ratio, ∆K/K, is chosen to be 0.5 for a single degree-of-freedom oscillator [13] .
The control action may also be shown in the force-displacement diagram in Figure 1 (b). Oscillations start at the origin and follow State 1, with full stiffness K, until the maximum displacement X o . At X o , the active spring is unclamped, and the oscillator's response jumps from "a" to "b", into State 2 with an effective stiffness of K-∆K. When the active spring recovers, the effective stiffness again becomes K and oscillations resume in State 3. Potential energy dissipated by the control action is represented by the area of the trapezoid bounded by States a, b and the two parallel lines representing the full stiffness K (States 1 and 3) in the first quadrant. The equilibrium shift that produces the constant restoring force, is the result of shift in the state of the system from State 1 to State 3. The shifted equilibrium position will be at a smaller displacement for each subsequent actuation, eventually leading to zero displacement when oscillations diminish (unlike that of a Coulomb damping).
The two-link flexible robotic arm model under investigation, is shown in Figure 1(c) . The model consists of two flexible beams and joints. The passive spring constants, K elbow -∆K elbow and K base -∆K base , represent compliant elbow and base joints while, ∆K elbow and ∆K base model the active components of the controller. Finite element method has been used (with 10 elements for each link) to model the dynamics of the manipulator [11] . Torsional viscous dampers to account for frictional dissipation and structural damping (0.5% critical damping for the first two modes) are also included in the moving arm model to represent inherent energy dissipation Bathe [14] . The arm is assumed to move in the horizontal plane. Lumped masses located at the tip, M tip , and at the elbow, M motor , model the payload and motor mass. The rotary inertia effects at both base and elbow are neglected in the model, and the mass of the base actuator is assumed to be a part of the fixed base. The flexible arms are assumed to be Euler-Bernoulli beams. Numerical simulations have been obtained using a custom coded program in MATLAB [15] . First, the program produces the global matrices. Then direct numerical numerical integration is performed using the Newmark-β scheme [16] . As the arm moves, the elbow angle, α in Figure 1 (c), changes in time. As a result, the system matrices vary in time. Hence, the system matrices are updated continually at time increments of 0.0167 s (which corresponds to an approximately 1 o of elbow angle rotation in the prescribed maneuver).
Figure 1(c) indicates the motion profile used for the numerical tests. The interaction between the control torques and the driving torque is neglected during the numerical simulations. At zero time, it is assumed that the arm is passing smoothly through zero degree elbow angle, and at this instant the arm is disturbed with a tip impact represented with a half-sinusoid tip disturbance at the fundamental natural frequency, in order to produce largest transient oscillations for the uncontrolled system.
The arm parameters used in the simulations are listed in Table 1 . As the arm folds in, its first natural frequency changes from 12.52 rad/s, for 0 o elbow angle, to 20.08 rad/s, for 120 o elbow angle [13] . An integration step of 0.001 s has been found to be small enough for all elbow angles. The stiffness ratio, ∆K/K of 0.5 is used based on earlier observations [13] . 
NUMERICAL PREDICTIONS
Numerical simulation results are presented for uncontrolled and dual-controlled cases where both of the joint actuators are used for control. As indicated in Figure 1(c) , the tip arm is assumed to move smoothly from an elbow angle α of 0 o to 120 o in three seconds with a constant speed of π/3 rad/sec. When the arm passes through the fully open orientation, the tip of Link 2 is struck with a half-sinusoid normal force of 5 N at the fundamental frequency.
Tip displacement histories are given in Figure 2 for the uncontrolled (frames a and b) and controlled (frames c and d), respectively. The two columns indicate the histories of the X and Y coordinates, along with the desired displacements. In all figures, the dashed lines (----) represent the desired path while the solid lines ( _____ ) representing the position of the tip. The deviation from the desired path is much clearer in Y displacement, in Figure 2 (b), reaching about 6 cm amplitude at the beginning of motion as this coordinate coincides with the direction of the impact. In X displacement plot in Figure 2(a) , the deviations are clearer through the middle of the path, as the transverse direction starts to coincide with this axis. At the end of the motion, the oscillations clearly exist but at smaller amplitudes due to structural damping and dissipation at the joints. The improvement is clear for the controlled cases in Figures 2(c) and 2(d) . After about one and a half cycles, deviations from the desired path virtually diminish. To show the insensitivity of the proposed control technique to the uncertainties such as magnitude of the external excitation, simulations have been repeated by increasing the magnitude of the tip impact by ten times to 50 N. Uncontrolled and controlled cases are again presented in Figure 3 in an identical format to that of Figure 2 . In Figure 3 , despite the fact that the tip of the arm receives a ten times larger impact than the earlier case, the controlled case starts to follow the desired path in a comparable time period to that with 5 N excitation. The initial deviations, of course, are now much larger due to higher magnitude of the impact. In order to show the insensitivity of the proposed controller to the changes in structural parameters, this time the length of the second link length is doubled from 0.5 m to 1 m. Space based robots can be an example such slender manipulators as they are necessarily long and of light weight. As a consequence, significant structural flexibility in the manipulator links is unavoidable along with the joint flexibility. Alternatively, this case can be considered to correspond to a manipulator with a telescopically extending tip link.
Results of controlled and uncontrolled displacement histories of each global coordinate are given in Figure 4 , with an identical format of the earlier figures. Again, simulations suggest that considerable suppression of the tip oscillations, is possible. As the structural flexibility of the two-link arm increased with an elongated link-2, the deviations from the desired path are larger naturally, and over prolonged periods. Uncontrolled tip follows an undesirable motion profile with continuous deviations all along the path. Controlled case also presents an inevitable initial overshoot. Nonetheless, oscillations diminish in approximately one and a half cycles, tracking the desired path afterwards. 
CONCLUSIONS
Reported attempts are limited in the literature, to control the vibrations of robotic arms during maneuver, due to either the sensitivity of the control techniques to the dynamic parameter changes or highly complex modelling and hardware requirements. To overcome these difficulties, an effective and versatile vibration control scheme is suggested in this paper. Control is applied at the joints through existing actuators. Since the implementation of the control is a software rather than a hardware issue, no additional hardware is needed. The technique is adoptable to significant parameter changes. It is stable, due to being dissipative in nature.
The presented numerical predictions demonstrate the effectiveness of the control, and its relative insensitivity to significant parameter changes. The simulations suggest that significant reduction in deviations from the desired path of the tip, are possible. Although not presented due to space limitations, the control has also been implemented in a prototype laboratory model with close correspondence to the predicted performance. Experiments confirm that the VSC technique can be simply merged with existing structures, as an add-on controller. This last feature is a significant design advantage. These results are currently being compiled for a separate publication.
